ENGINEERING MECHANICS I:

CENTROIDS

Compiled by: Solomon Getachew

2013 E.C./ 2021 6.C.

DEBRE MARKOS INSTITUTE OF TECHNOLOGY
DEBRE MARKOS, ETHIOPIA




Engineering Mechanics I: Centroids

Chapter 5

Centroids

5.1. Introduction
In case of plane areas (bodies with negligible thickness) such as a triangle quadrilateral, circle etc.,
the total area is assumed to be concentrated at a single point and such a single point is called centroid
of the plane area. The term center of gravity and centroid has the same meaning but the following
differences.
1. Centre of gravity refer to bodies with mass and weight whereas, centroid refers to plane areas.
2. Centre of gravity is a point is a point in a body through which the weight acts vertically
downwards irrespective of the position, whereas the centroid is a point in a plane area such
that the moment of areas about an axis through the centroid is zero.
5.2. Center of Gravity
Center of Gravity A body is composed of an infinite number of particles of differential size, and so
if the body is located within a gravitational field, then each of these particles will have a weight dw.
These weights will form a parallel force system, and the resultant of this system is the total weight of

the body, which passes through a single point called the center of gravity, G.
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X, ¥, Z are the coordinates of the center of gravity G.
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Z are the coordinates of an arbitrary particle in the body.
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Center of Mass of a Body. In order to study the dynamic response or accelerated motion of a body,
it becomes important to locate the body’s center of mass Cm, figure. This location can be determined

by substituting dW = g dm into next equations. Provided g is constant, it cancels out, and so
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5.3. Centroids of lines, Areas, and VVolumes

Centroid of a Volume. If the body in figure is made from a homogeneous material, then its density
p (rho) will be constant. Therefore, a differential element of volume dV has a mass dm = p dV.
Substituting this into equations and canceling out p, we obtain formulas that locate the centroid C or

geometric center of the body; namely

A
“

7

Centroid of an Area. If an area lies in the x—y plane and is bounded by
the curve y = f (), as shown in figure, then its centroid will be in this fﬂx dA ﬁ‘ dA

X =
plane and can be determined from integrals similar to equations, /fm
A

namely,
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Centroid of a Line. If a line segment (or rod) lies within the x—y plane f /

dL iL
and it can be described by a thin curve y = f (x), figure, then its centroid r.)f - e !
is determined from / dL f dL

L L

\ f dx\* 41)‘)3 . , dx\? \?
P\‘u_ |y S (dx) SRR (d.\' " dL = \’f (I) dy” + (I) dy”

¥ dx

o | ; =(\x *(i_))" (\' G) ‘)"-"

DMIT 2

iy

X

-—e
!
4"'
|




Engineering Mechanics I: Centroids

5.4. Determination of centroid by integrations

The center of gravity or centroid of an object or shape can be determined by single integrations using
the following procedure.
Differential Element.
v’ Select an appropriate coordinate system, specify the coordinate axes, and then choose a
differential element for integration.
v" For lines the element is represented by a differential line segment of length dL.
v' For areas the element is generally a rectangle of area dA, having a finite length and
differential width.
v" For volumes the element can be a circular disk of volume dV, having a finite radius and
differential thickness.
v Locate the element so that it touches the arbitrary point (x, y, z) on the curve that defines the
boundary of the shape.
Size and Moment Arms.
v' Express the length dL, area dA, or volume dV of the element in terms of the coordinates
describing the curve.
v Express the moment arms x, vy, z for the centroid or center of gravity of the element in terms
of the coordinates describing the curve.
Integrations.
v’ Substitute the formulations for x, y, z and dL, dA, or dV into the appropriate equations.
v Express the function in the integrand in terms of the same variable as the differential
thickness of the element.
v" The limits of the integral are defined from the two extreme locations of the element’s
differential thickness, so that when the elements are “summed” or the integration performed,
the entire region is covered.

Example 5.1.

Determine the distance y measured from the x axis to the ¥

centroid of the area of the triangle shown in figure.

Solution

Differential Element. Consider a rectangular element having a

thickness dy, and located in an arbitrary position so that it

intersects the boundary at (X, y)
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Area and Moment Arms. The area of the element is dA = x dy and its centroid is located a distance

= ?m — y)dy, Y=Y from the x axis.
1

Integration. Applying the above equation and integrating with respect to y yields

b
Y dA / v[é(h — v)dv]
A" o LA <A tbi*
¥ oz h = 3
I} Sbh
A o R

Example 5.2.

Locate the centroid of the area shown in figure.

Solution
Differential Element. A differential element of x
thickness dx is shown in figure. The element intersects
the curve at the arbitrary point (X, y), and so it has a

height y.

Area and Moment Arms. The area of the element is dA

=y dx, and its centroid is located at X = X, ¥ = ¥/2.

Integrations. Applying equations and integrating with

respect to x yields

dA dx

/ * f g f 0250
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m B Im =3 m
/dA fydx fxzdx
0
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Or

Differential Element. The differential element of y
thickness dy is shown in figure. The element intersects
the curve at the arbitrary point (X, y), and so it has a
length (1 - X).

Area and Moment Arms. The area of the element is dA (x y) -

= (1 -x) dy, and its centroid is located at T (% 3)

y
N (l—x) 1 +x ]
xX=x++ = , ¥V =¥

2 2 x I(l—x)—»

Integrations. Applying equations and integrating with lm

respect to y, we obtain

Im | Im
¥ dA 1+ x)/210 = x)dy = 1 = y)dy
__/Ax _/0[( x) /21 t))_Z/O( ))._0_250
B - Im © plm 0333
fdf* / (1 - x)dy / (1= Vy)dy
0 0
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Example 5.3.

=0.75m

=03m

Determine the x and y positions of the centroid.

Solution

In this case the strip must be defined so that it extends from the lower

curve (y = x?) to the upper curve (y = X)

y y

(1, 1) (1,1)
/
}x o
N  Jrers
X X
X ——dx x
(a) A vertical strip of width (b) The y coordinate of the
dx. The height of the midpoint of the strip.

strip is equal to the
difference in the two
functions.
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Let dA be the vertical strip in Fig. a. The height of the strip is x - x? so dA = (x - x?) dx. The x

coordinate of the centroid is

The y coordinate of the midpoint of the stripis 32 + li(x _ XE) = li(x T XZ) (Fig b). Substituting

this expression for y in Equation, we obtain the y coordinate of the centroid.

/ydA /[(x+x2)]x—x2)dx —{——Jﬂ
l -Z;(x—xzj dx [%—x;]

Locate the centroid for

Exercise 5.1

a. Quarter Circle
b. Shaded area on the figure

5.5.Centroids of composite bodies

Although centroids of areas can be determined by integration, the process becomes difficult and
tedious for complicated areas. In this section we describe a much easier approach that can be used if
an area consists of a combination of simple areas, which we call acomposite area. We can determine
the centroid of a composite area without integration if the centroids of its parts are known.

Therefor the coordinates of the centroid of a composite area with an arbitrary number of parts are:
12 X A Z Yi A

>4 Sa
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Procedures of determining the centroid of a composite area:

a. Choose the parts Try to divide the composite area into parts whose centroids you know or can
easily determine.

b. Determine the values for the parts Determine the centroid and the area of each part. Watch for
instances of symmetry that can simplify your task.

c. Calculate the centroid using the above equations to determine the centroid of the composite area

Example 5.4.
. ) y
Locate the centroid of the plate area shown in
figure.
2 ft
1 ft
L X
| | |
[ Tt 2fit 3ft |
Solution:

Composite Parts. The plate is divided into three segments as shown in figure. Here the area of the

small rectangle 3 is considered “negative” since it must be subtracted from the larger one 2.

y y
—2.5 ft—
(2]
[y —
?—. o i
1.5 ft T L 21t
l 1 ft !
| f x x
[1.5ft |1ft

Moment Arms. The centroid of each segment is located as indicated in the figure. Note that the

X coordinates of 2 and 3 are negative.

Summations. Taking the data from above figures, the calculations are tabulated as follows:

Segment A X(fy vy xA@) YA (f5)

1 WH=45 1 1 45 45
2 3B3)=9 -15 15 -135 135
3 -Qm=-2 -25 2 5 —4

3A =115 SIA=-4 3jA=U4
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Thus,

3 XA —4

X = = —— = —0.348 ft

¥ESA T s 0
3 JA 14

y=——=——=1221t

Y 3A 11.5

Example 5.5.

Locate the centroid of the shaded area.

Solution
The composite area is divided into the four elementary shapes

shown in the figure. The centroid locations of all these shapes
may be obtained from Table D/3. Note that the areas of the
“holes” (parts 3 and 4) are taken as negative in the following

table:
A z j A A
PART in.? in. mn. in3 in3 N
1
i 120 6 5 720 600 4 5
2 30 14 1043 420 100 B
3 -14.14 6 1.273 —84.8 -18 ] =-===
| —8 12 4 -84 -32 I
TOTALS 127.4 959 650 @
Thus,
¥ ZAx T _ 958 _ ;
[ = EA] X 1275 7.50 in.
- Iy 5 B50 .
|:Y— E:| ¥= 12?9 = 5.08 in.
Exercise 5.2.

Determine the y-coordinate of the centroid of the following shaded areas.

~— 15" > 15"
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Exercise 5.3.
Explain how to determine the centroid of solid objects and find the centroid of the following solid
objects.

V4
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